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Abstract
A rigorous application of the correspondence rules shows that the op-
erator of the angular momentum of a quantum particle—corresponding
to the classical magnitude l = mr∧ r˙—is given by lˆ = r∧ (−ih¯∇− e
c
A) in
the presence of an electromagnetic field. Thus, despite the general opinion
on the corresponding rules of quantization, the eigenvalues of the angular
momentum depend on the configuration of the electromagnetic field. The
usual rules of commutation [lˆi, lˆj ] = ih¯ǫijk lˆk, that are at the foundation of
the calculus of angular momentum and of the theory of spin—and Bohm’s
example of the EPR argument—are not valid in the presence of an elec-
tromagnetic field. The expected value of the operator lˆ = −ih¯r ∧ ∇ is
not gauge invariant, it depends on the calibration of the electrodynamic
potentials.
Pacs: 03.53.-w Quantum Mechanics.
1 Angular Momentum in the Presence of
an Electromagnetic Field
Consider a classical particle with a mass m and an electric charge e. The
Hamilton’s Function is
H(r,p) =
(
p− e
c
A
)2
2m
+ V (r), (1)
and, in accord with classical mechanics,
mr˙ = p−
e
c
A, (2)
indicating that
mr ∧ r˙ = r ∧
(
p−
e
c
A
)
. (3)
Therefore, if the correspondence principle is rigorously applied [1, p.
68], the quantum operators of angular momentum, from which the mag-
netic moment can be obtained, are
Lˆi = lˆi −
e
c
ǫijkxjAk, (4)
1
where
lˆi = −ih¯ǫijkxj∂k (5)
are the common operators.
To get the commutation relations we will use the identities
[lˆi, lˆj ] = ih¯ǫijk lˆk (6)
and
[lˆi, φ] = −ih¯ǫijkxj∂kφ (7)
for any function φ, since
−ih¯ǫijkxj∂k(φψ) + φih¯ǫijkxj∂kψ = −ih¯ǫijkxj(∂kφ)ψ
for any function ψ.
From (4)
[Lˆi, Lˆj ] =
[
lˆi −
e
c
ǫicdxcAd, lˆj −
e
c
ǫjcdxcAd
]
(8)
=
[
lˆi, lˆj
]
−
e
c
ǫjcd
[
lˆi, xcAd
]
−
e
c
ǫicd
[
xcAd, lˆj
]
+
(
e
c
)2
ǫicdǫjcd [xcAd, xcAd]
=
[
lˆi, lˆj
]
−
e
c
ǫjcd
[
lˆi, xcAd
]
−
e
c
ǫicd
[
xcAd, lˆj
]
.
(The last equation follows from the fact that
[xcAd, xcAd] ≡ 0.)
Using (7):
[
lˆi, xcAd
]
= −ih¯ǫiabxa∂b(xcAd) = −ih¯ǫiab(xaδbcAd + xaxc∂bAd) (9)
[
xcAd, lˆj
]
= ih¯ǫjabxa∂b(xcAd) = ih¯ǫjab(xaδbcAd + xaxc∂bAd) (10)
Combining (6), (8), (9), and (10):
[Lˆi, Lˆj ] = ih¯ǫijk lˆk +
ih¯e
c
(ǫiabǫjcd − ǫjabǫicd) (xaδbcAd + xaxc∂bAd). (11)
Next:
(ǫiabǫjcd − ǫjabǫicd) δbc = ǫiabǫjbd − ǫjabǫibd = ǫjabǫidb − ǫiabǫjdb (12)
= (δijδad − δjdδia)− (δijδad − δjdδia) = δidδja − δjdδia = ǫijkǫdak
−ǫijkǫkad.
From (11) and (12):
[Lˆi, Lˆj ] = ih¯ǫijk
(
lˆk −
e
c
ǫkadxaAd
)
+
ih¯e
c
(ǫiabǫjcd − ǫjabǫicd) xaxc∂bAd.
or
[Lˆi, Lˆj ] = ih¯ǫijkLˆk +
ih¯e
c
(ǫiabǫjcd − ǫjabǫicd) xaxc∂bAd. (13)
The tensor xaxc is symmetric; therefore:
(ǫiabǫjcd − ǫjabǫicd)xaxc =
(ǫiabǫjcd + ǫicbǫjad − ǫjabǫicd − ǫjcbǫiad)xaxc
2
.
2
Now the tensor
(ǫiabǫjcd+ǫicbǫjad−ǫjabǫicd−ǫjcbǫiad)xaxc
2
is antisymmetric,
from which we conclude:
(ǫiabǫjcd − ǫjabǫicd) xaxc∂bAd
=
(ǫiabǫjcd + ǫicbǫjad − ǫjabǫicd − ǫjcbǫiad) xaxc(∂bAd − ∂dAb)
4
=
ǫbde (ǫiabǫjcd + ǫicbǫjad − ǫjabǫicd − ǫjcbǫiad) xaxcHe
4
,
where H = ∇∧A is the magnetic field. Furthermore:
ǫbdeǫiabǫjcdxaxc = ǫbdeǫbiaǫjcdxaxc = (δdiδea−δdaδei)ǫjcdxaxc = ǫijkxkxe;
ǫbdeǫicbǫjadxaxc = ǫbdeǫbicǫjadxaxc = (δdiδec−δdcδei)ǫjadxaxc = ǫijkxkxe;
ǫbdeǫjabǫicdxaxc = ǫdebǫjabǫicdxaxc(δdjδea − δdaδej)ǫicdxaxc = ǫikjxkxe
= −ǫijkxkxe;
and
ǫbdeǫjcbǫiadxaxc = ǫdebǫjcbǫiadxaxc = (δdjδec − δdcδej)ǫiadxaxc = ǫikjxexc
= −ǫijkxkxe.
In this way:
ǫbde (ǫiabǫjcd + ǫicbǫjad − ǫjabǫicd − ǫjcbǫiad) xaxcHe
4
= (r ·H)ǫijkxk.
On the grounds of (13) and the last equation we argue that:
[Lˆi, Lˆj ] = ih¯ǫijk
(
Lˆk +
e
c
(r ·H)xk
)
. (14)
Thus we have proved that the commutation relations (6), on which the
calculus of angular momenta and the theory of spin—and Bohm’s example
of the EPR argument [2, p. 614]—are grounded, are not valid in the
presence of an electromagnetic field. Anomalies in the magnetic moment
must be observed in atoms and elementary particles in the presence of
magnetic fields of a high intensity.
2 Ehrenfest Relations
Let
πi = −ih¯∂i −
e
c
Ai (15)
be the components of the kinetic (non-canonical) linear momentum. We
have
[πi, φ] = −ih¯∂iφ. (16)
(For any function φ.)
[πˆi, πˆj ] =
ih¯e
c
(∂iAj − ∂jAi) =
ih¯e
c
ǫijkHk (17)
3
Hˆ =
πˆiπˆi
2m
+ eV. (18)
From the general formula
ˆ˙
f =
i
h¯
[Hˆ, fˆ ] +
∂fˆ
∂t
(19)
we get
ˆ˙πi =
i
h¯
[πˆkπˆk, πˆi]
2m
− e∂iV −
e
c
∂Ai
∂t
=
i
h¯
[πˆkπˆk, πˆi]
2m
+ eEi. (20)
Where Ei are the components of the electric field, which allows us to
identify the operators of the components of the magnetic force:
Mˆi =
i
h¯
[πˆkπˆk, πˆi]
2m
. (21)
Now:
[πˆkπˆk, πˆi] = πˆkπˆkπˆi − πˆiπˆkπˆk = πˆkπˆkπˆi − πˆkπˆiπˆk + πˆkπˆiπˆk − πˆiπˆkπˆk
= πˆk (πˆkπˆi − πˆiπˆk) + (πˆkπˆi − πˆiπˆk) πˆk =
ih¯e
c
{πˆk,Hn}
where {Aˆ, Bˆ} = AˆBˆ + BˆAˆ. On those grounds, eq. (21) is rewritten as
Mˆi =
1
2mc
ǫijk{πˆj ,Hk}, (22)
which is a formal translation of the Lorentz force to the language of op-
erators.
From eqs. (4) and (15)
i
h¯
[
Hˆ, Lˆi
]
+
∂Lˆi
∂t
=
i
h¯
[
πˆaπˆa
2m
+ eV, ǫijkxjπˆk
]
−
e
c
ǫijkxj
∂Ak
∂t
(23)
=
iǫijk
h¯
[πˆaπˆa, xjπˆk]
2m
+ ǫijkexjEk.
We have that
iǫijk
h¯
[πˆaπˆa, xjπˆk]
2m
=
iǫijk
h¯
πˆaπˆaxjπˆk − xjπˆkπˆaπˆa
2m
and, from (16):
[πˆi, xj ] = −ih¯δij ⇒ πˆixj = xjπˆi − ih¯δij and xjπˆi = πˆixj + ih¯δij . (24)
Therefore
iǫijk
h¯
πˆaπˆaxjπˆk =
iǫijk
h¯
πˆa(xjπˆa − ih¯δja)πˆk =
iǫijk
h¯
πˆaxjπˆaπˆk + ǫijkπˆj πˆk
=
iǫijk
h¯
(xjπˆa − ih¯δja)πˆaπˆk + ǫijkπˆjπˆk =
iǫijk
h¯
πˆaπˆaπˆk + 2ǫijkπˆj πˆk;
iǫijk
h¯
πˆaπˆaxjπˆk =
iǫijk
h¯
πˆa(xjπˆa − ih¯δja)πˆk =
i
h¯
ǫijkπˆaxjπˆaπˆk + ǫijkπˆj πˆk
=
iǫijk
h¯
xjπˆaπˆaπˆk + 2ǫijkπˆj πˆk;
4
iǫijk
h¯
πˆaπˆaxjπˆk − xjπˆkπˆaπˆa
2m
=
iǫijk
h¯
xj
πˆaπˆaπˆk − πˆkπˆaπˆa
2m
+ ǫijk[πˆj , πˆk];
and
iǫijk
h¯
[πˆaπˆa, xjπˆk]
2m
= ǫijkxjMˆk + ǫijk[πˆj , πˆk].
(See eq. (21.) In a similar fashion we establish that
iǫijk
h¯
[πˆaπˆa, xjπˆk]
2m
= ǫijkMˆkxj − ǫijk[πˆj , πˆk].
From eq. (23) and the last two, we conclude:
ˆ˙
Li = ǫijk{xj , fˆk} (25)
where
fˆk = Mˆk + eEk, (26)
is the operator for the Lorentz Force, in complete harmony with the cor-
respondence principle.
Notice that, the commutators [Hˆ, lˆi] cannot provide the correct compo-
nent of the torque associated to the electric field, which definitely proves
that the operators of magnetic moment are not proportional to lˆi; the
last operators do not correspond to the kinetic angular momentum. Be-
sides, the expected value of those operators is not invariant under gauge
transformations [3, p. 100].
References
[1] A. Messiah; Quantum Mechanics; Dover (1999).
[2] D. Bohm;Quantum Theory ; Dover (1989).
[3] H. Weyl; The Theory of Groups and Quantum Mechanics; Dover
(1950).
5
